One of the problems in ultrasound surgery are the long treatment times when large tumor volumes are sonicated. Large tumors are usually treated by scanning the tumor volume using a sequence of individual focus points. During the scanning, it is possible that surrounding healthy tissue suffers from undesired temperature rise. The selection of the scanning path so that the tumor volume is treated as fast as possible while temperature rise in healthy tissue is minimized would increase the efficiency of ultrasound surgery. The main purpose of this paper is to develop a computationally efficient method which optimizes scanning path. The optimization algorithm is based on the minimum time formulation of the optimal control theory. The developed algorithm uses quadratic cost criteria to obtain the desired thermal dose in the tumor region. The derived method is evaluated with numerical simulations in 3D which are applied to ultrasound surgery of the breast in simplified geometry. Results from the simulations show that the treatment time as well as the total applied energy can be decreased from 16% to 43% as compared to standard sonication. The robustness of the optimized scanning path is studied by varying the perfusion and absorption in tumor region. 
Introduction
In ultrasound surgery the tumor is destroyed by raising its temperature above 60
• C with high intensity focused ultrasound (HIFU) [1] . Examples of the ultrasound surgery for cancer therapy are shown in [2] , [3] , [4] and [5] .
One of the problems in ultrasound surgery is the time required to treat a large target tissue volume. The treatment is usually accomplished so that the tumor volume is covered by sonicating individual foci [1] . This scanning can be accomplished either by mechanical movement of the transducer or by using multi-element phased array applicators and electronic beam steering. When large tumor volumes are scanned by switching between multiple or individual foci, the temperature rise in surrounding healthy tissue accumulates and can cause undesired damage [6] , [7] . To avoid this, healthy tissue must be allowed to cool during the treatment, thus increasing the overall treatment time [6] , [8] . Consequently, when large tumors are treated one of the main questions is how the scanning should be accomplished to minimize near field heating and to decrease the treatment time.
There are several control and optimization approaches presented in the literature to choose the focus distribution and scanning path to obtain the desired thermal response in tissue. Different transducer geometries and the effect of scanning path when individual foci are used were studied in [7] . In that study the scanning path was varied between three preselected strategies to decrease the treatment time. Furthermore, thermal dose was optimized by power adjusted focus scans in [9] , where single, multiple and simultaneous multiple focus patterns were investigated to obtain the desired thermal dose distribution. A direct search algorithm was proposed in [10] to find the weighting factors for foci to obtain desired temperature or thermal dose distribution. This approach was extended to temporal switching between multiple focus patterns in [11] and [12] . However, in all of these studies optimization was based on choosing the focus distributions or scanning path from a few preselected strategies instead of seeking the solution in a more general way. In addition, some of the searching routines were rather simple and computationally ineffective. There is also a direct global optimization method where the phases and amplitudes of the transducers are controlled as a function of time to obtain the desired thermal dose distribution [13] . The main drawback of this method is the computational complexity.
In this paper an alternative method for choosing the scanning path between the individual foci in 3D is presented. The method is not based on the switching between preselected strategies, only the locations of the foci are predetermined. Another design criterion was to keep the computational complexity of the method as low as possible. The proposed optimization method is based on the minimum time formulation of the optimal control theory [14] , [15] . The bioheat equation is used as a state equation to model the temperature evolution in tissue [16] . A quadratic cost criterion with adaptive weighting is used to penalize the difference between the current and desired thermal dose. The solution for the control problem is obtained via Hamiltonian form and the associated costate equation. The power for the transducers is determined by a maximum effort style feedback law. The main goal of proposed method is to optimize the scanning path using simulations before treatment. The optimized scanning path can be then used in clinical treatment with online temperature feedback. Temperature feedback during ultrasound surgery can be obtained from magnetic resonance imaging (MRI) [17] [2] .
The Proposed optimization method is evaluated with numerical simulations in 3D. The simulation examples were based on the ultrasound surgery of the breast in schematic geometry. The potential of ultrasound surgery for the breast tumors has been shown in clinical studies [3] , [18] and [2] . The simulations study the treatment of different shaped targets with varying volume. The study employed a hemispherical phased array applicator with 530 transducer elements to obtain full electronic steering for the focus. Finally, the robustness of the derived method is tested with varying perfusion and absorption in tumor region.
Materials and Methods

Mathematical models and optimization algorithm
The temperature evolution in biological tissues can be modeled with Pennes bioheat equation [16] , which is
where T is the temperature, ρ is the density of tissue, C T is the heat capacity of tissue, k is the diffusion coefficient, w B is the perfusion due to blood flow, C B is the heat capacity of blood, T A is the arterial blood temperature and Q is the absorbed power density, i.e. the heat source. For a time-harmonic acoustic pressure p, the heat source term can be written as
where α is the absorption coefficient and c is the speed of sound. In this study the acoustic pressure term is constructed from focused ultrasound fields. Let the number of the foci in target region be N f . Furthermore, the discrete solution of the wave field consists of N discretization points. In this case heat source term is Q = B ∈ R N ×N f , i.e. focused ultrasound fields are set as columns in matrix B.
In this paper bioheat equation (1) is solved using Galerkin scheme of the semidiscrete finite element method (FEM) and the time integration is accomplished with implicit Euler integration [19] . The boundary condition is chosen as the Dirichlet condition where the temperature at the boundaries of the computation domain is set to 37
• C. The implicit Euler form of the semi-discrete FEM for the bioheat equation can be written as
where A is the FE system matrix, vector P comes from the perfusion term, vector B k ∈ B N is the active focused field at time k and u k is the input power. In ultrasound surgery the efficiency of the treatment can be analyzed using the thermal dose [20] 
The unit of the thermal dose is equivalent minutes at 43
• C. The thermal dose that causes necrosis in soft tissues is reported to be between 50 to 240 equivalent minutes at 43
• C [21] . The cost function for the optimization algorithm can be formulated as
where difference between thermal dose and desired thermal dose D d is penalized using weighted 2-norm. The Hamiltonian form which combines the state equation (3) and the cost function (5) can be written as
where λ k ∈ R N is the Lagrange multiplier. The solution for the optimization problem can be characterized with costate equation [14] 
where is the element wise product and the costate equation is computed backwards in time. The focus which minimizes the cost function at time k can be found as
so the focus which is chosen makes Eq. (8) most negative at time k [14] , [15] . The feedback law can be simply chosen as maximum effort feedback
where T i,k is temperature at i th focus point at time k and T d is the desired temperature in cancer region. In this paper the desired temperature was set to T d =80
• C. The control algorithm consists of following steps: 1) Solve the state equation (3) from time k upwards. 2) Solve the Lagrange multiplier from Eq. (7). 3) Find next focus point from Eq. (8). 4) Compute the feedback from Eq. (9) . The time evolution in steps 1) and 2) can be either computed to predetermined final time t f or in a shorter time window. With the shorter time window the computational task is decreased. This issue is discussed detailed in Simulations section. 
Simulations
Computational domains and optimization with different target geometries
The simulation examples concern ultrasound surgery of the breast in schematic geometry. The optimization algorithm was tested with different target geometries which are shown in Fig 1. The simulation domains consist of parts of skin, healthy breast and different shaped tumor. Computation domains were modeled as a cylinder with the radius of 3 cm and length of 7 cm. The skin was modeled as a 5 mm thick layer. In simulations, a 530-element hemispherical phased array applicator with the radius of curvature of 12 cm was simulated. The transducer array is shown in Fig. 2 . In each transducer configuration a single transducer element had dimensions of 1 cm × 1 cm.
Although the simulation domain did not cover a large volume of the healthy tissue, it covers a crucial region of tissue around the tumor where an undesired temperature rise will most likely appear during the treatment. In addition, the phased array applicator is relatively large consisting of 530 transducer elements, thus power from the single element is small. This reduces the possibility of hot spots in the beam near the transducer (i.e. near the skin). However, if transducers with a smaller number of elements are simulated, the side lobes may produce undesired temperature rise in healthy tissue away from the main beam. In these cases simulation domain should be made larger.
The frequency of the ultrasound fields was set to 1 MHz. Ultrasound fields were solved with the Rayleigh integral for each element [22] . The acoustic parameters were set to c=1500 m/s, ρ=1000 kg/m 3 , and α=5 Nep/m [23] , [24] . In all simulations, the maximum applied amplitude in focus was 5.7 MPa which gives a maximum power density of 110 W/cm 3 . The maximum pressure amplitude was chosen below the cavitation threshold of tissue [25] . In all simulated cases the transducer was located so that the geometric focus was in the middle of the target. The thermal parameters used a reference [26] b reference [24] c reference [27] d reference [28] in the simulations are given in Table 1 . In this study, absorption is approximated to be the main source of attenuation, so attenuation coefficients were used in both Rayleigh integral and bioheat equation [9] . The FE solution of the bioheat equation was computed in tetrahedral meshes covering the computation domains. The number of tetrahedra in the meshes varied from 70377 to 134874 and the number of the nodes from 13138 to 24625, depending on the size of the target. The maximum distance between element vertices in healthy tissue was 2 mm and in the tumor region 0.5 mm. Results were also verified using denser meshes, where the distances between element vertices were 1.8 mm in healthy tissue and 0.4 mm in tumor region. This cross-checking did not have a significant effect on the temperature and thermal dose distributions so the original meshes were dense enough.
The design criterion was to obtain a thermal dose of 300 equivalent minutes at 43
• C in the cancerous region. A margin zone with thickness of 0.5 cm was used around the target volume in all simulations. In this region the thermal dose was not limited. However, both in the margin zone and the cancerous region the temperature was limited less than 100
• C. When his temperature was reached, these regions were allowed to cool 80
• C or below. In healthy tissue, it was decided to keep the temperature below 44
• C (below the pain threshold) [29] . If this temperature was reached, the tissue was allowed to cool 42.5
• C or below. This kind of ad hoc constraint is useful, since a solution that reaches the constraints for longer time shows decreased robustness in practice.
The weighting matrix W for the optimization algorithm can be chosen by medical considerations. In this study the weighting matrix W was set to a diagonal matrix. The weighting of the diagonal elements was set adaptively in following way. Let N f be the total number of foci and N d number of the foci in which desired thermal dose was reached. The healthy nodes were weighted with the function 10000
2 , and the target nodes with ( 
−2 , i.e. the weightings from the healthy nodes were decreased during the sonication and correspondingly increased in the target nodes. In addition, when the thermal dose of 300 equivalent minutes was reached, the weighting from this focus was removed. Although different penalties for thermal dose can be used with the algorithm, this kind of weighting was found to be effective in all simulated cases.
To decrease the computational task of the optimization, the time evolution in the bioheat equation was computed 10 s in the future and thus, the costate equation was computed 9.75 or 9.5 seconds backwards, depending on the time discretization employed. In addition, all simulations were computed so that the final time was decided before hand and the computation was run from the current time to the final time. These computations provided results that were practically the same as if the simulations were performed to the final time. Consequently, all simulation results presented here are computed with 10 s time window. The main reason for the small difference between these results is that the temperature in tumor region decreases rapidly during 10 seconds, and when temperature trajectories are applied back to the costate equation (7), the major changes in the costate equation only appears when temperature is near the therapeutic level. The computational cost of the costate equation (7) was also decreased by taking every 3 th node from the healthy region to costate equation. The computation times varied between 0.6-4 h with a standard PC that was equipped with 2.8 GHz central processing unit and 2 GB of random access memory. All programming was accomplished with MATLAB language.
In all simulated cases the results were compared to sonication where treatment is started from outermost focus (in x-coordinate) and then target volume is scanned in decreasing order of the x-coordinate. For example, in 3D cases, the outermost untreated location in x-coordinate was chosen and then the corresponding slice in yand z-directions was sonicated. The feedback law and temperature constraints were the same for the optimized scanning path and this reference method. Furthermore, if the dose at the next focus location was above the desired level, this focus was skipped (i.e. power was not wasted). In the following, the results from this kind of sonication are referred as "standard sonication". The sonication was terminated when the thermal dose of 300 equivalent minutes at 43
• C was reached in the whole target. The simulation procedure for the scanning path optimization is shown in Fig. 3 .
The first simulation cases concerns the sonication of a slice target with four different radii (see Fig. 1 for the largest target, other targets are in the same plane, only the radius of the target is reduced.). The foci were located in the plane z=0 to cover the whole target so that the maximum distance between two foci was 1 mm in x and y directions. The number of the foci in each geometry is given in Table 4 . The time discretization for the FE bioheat equation was 0.25 s for the smaller targets (targets with the radius of 0.5 cm and 1.0 cm) and 0.5 s for the largest target (targets with the radius of 1.5 cm and 1.9 cm). Another simulation example concerns scanning of the 3D sphere shaped tumor of radius 1 cm (see Fig. 1 ). The whole target volume was covered with 816 foci so that the maximum distance between two foci was 1 mm in each direction. In this simulation, time discretization for the bioheat equation was set to 0.5 s.
The purpose of the robustness tests was to examine how modeling errors, which arise from uncertainties in the thermal properties of the tumor, affect the sonication results. The robustness of the optimized scanning path was studied with seven case studies which were computed using the sphere shaped target. In cases 1 and 2 different absorption levels in tumor region were studied. In cases 3-5 different uniform perfusion levels in tumor region were studied. Finally, in cases 6 and 7 a nonuniform perfusion in the tumor was modeled. In case 6 the tumor was split into two halves in the z=0 plane, and perfusion in the upper half was set to 5 kg/m 3 s and in the lower half to 1 kg/m 3 s. In case 7 the perfusion in tumor was modeled with two concentric spheres. The radius of the inner sphere was r=0.7 cm in which perfusion was set to 1 kg/m 3 s and in the outer sphere (0.7 ≤ r ≤ 1.0 cm) the perfusion was set to 5 kg/m 3 s. The thermal parameters of the tumor region are given in Table 2 . The thermal parameters for normal tissue were as in Table 1 . In all cases 0.5 second time discretization was used for the bioheat equation.
The robustness simulations were done using the optimized scanning path from the sonication of the sphere. This scanning path was applied to each case and the feedback was recomputed from Eq. (9) . If the temperature of 44
• C was reached in healthy domain, it was allowed to cool back to 42.5
• C. In the following, results from these tests are refered as the "original scanning path". In each case the scanning path was optimized with correct thermal parameters from Table 2 . Finally, the standard sonication was also computed for a reference in each case. The simulation procedure for robustness tests with preoptimized (original) scanning path is shown in Fig. 4 .
The MRI feedback was simulated to see how effective the optimized scanning path is when limited temperature data are available for feedback. In the MRI feedback simulations, target with radius of 1.0 cm was simulated in four case studies with different absorption and perfusion in tumor region (see Table 3 ). The MRI temperature measurement was simulated as a slice with thickness of 3 mm in the z = 0 plane with a spatial resolution of 1.5 mm. The MRI temperature measurements were acquired with 5 s intervals. In the temperature measurements Gaussian noise with variance of ±3
• C was added to measurements. In MRI feedback simulations switching between foci was limited to times when temperature measurement was available. In these cases the input must be modified to be suitable for the MRI sequences. First, the original input was scaled by taking the average input during the original sonication. Second, the new input was re-scaled by multiplying it with the average time which was spend in each focus in the original sonication (1 s) and this time was divided by MRI sequence (5 s). This new input was used during each 5 s interval in sonication when temperature measurements were unavailable. The input was corrected when MRI temperature measurements was available with feedback law given in Eq. (9) . The temperature constraint for healthy tissue was 44
• C as in previous simulations. The flow diagram for MRI feedback tests are shown in Fig. 5 . Table 4 . Sonication results for slice scans. r is the radius of target, N f is the number of foci in target, t is the sonication time and E is the total energy density. Subscript O refers to optimized scanning path and S to standard sonication. 
Results
In the following, results from the simulations are presented. It is worth of noting that temperature histories give the maximum temperatures in healthy tissue and target during the treatment, i.e. spatial locations of these histories are not predetermined.
The maximum temperature histories for target and healthy domains are shown in Fig. 6 . The figure indicates that the treatment time is decreased by the use of scanning path optimization in each case. In addition, in the case of the largest target, the number of the sonication bursts is decreased. The sonication time and the used total energy density are given in Table 4 . The sonication times were 29-33 % shorter and the used energy density was 16-25 % smaller with the optimized scanning path as compared to standard sonication.
An example of the thermal dose accumulation for the slice with the radius of 1.9 cm during the optimized sonication is shown in Fig. 7 . The target is scanned by parts which does not dramatically increase the temperature in healthy tissue. By changing the focus around the target, near field heating is minimized which results in decreased treatment time.
The maximum temperature histories for target and healthy tissue for spherical target are shown in Fig. 8 . This figure indicates that the optimized scanning path reduces the number of the required sonication bursts from 7 to 3 as compared to standard sonication. The treatment time with standard sonication in this case was 866 s and with optimized scanning path 493 s. Furthermore, the energy density used in sonication was 28120 W/cm 3 with optimized sonication and 47082 W/cm 3 with standard sonication. These results indicate that the optimized scanning path is more efficient in 3D than in 2D since degrees of the freedom for the optimization algorithm are increased.
Robustness tests
The sonication results for robustness case studies are given in Table 5 . In case 1, the treatment time is dramatically increased due to the lower absorption. However, the treatment time with the case optimized and the original scanning path are much lower as compared to standard sonication. In case 2, the treatment time and required energy density are much lower in all cases as compared to reference sonication with original Table 5 . Treatment times t and total energy density E for robustness studies. Subscript C refers to case optimized sonication, subscript O to original scanning path and subscript S to standard sonication. There are also results from the scanning of the tumor with original thermal parameters which are given in Table 2 .2.1 as a reference.
thermal parameters. The higher absorption in the tumor decreases the treatment time as well as the total energy density needed in the treatment. The different uniform perfusion cases (3-4) do not change dramatically treatment time or used energy. However, if the perfusion in the tumor region is very large (case 5), the treatment time as well as the required total energy density are increased. Finally, in cases 6 and 7 treatment time as well as the required energy density is decreased as compared to reference sonication. However, in these cases difference between the standard sonication and optimized scanning paths is smaller than in cases 1-5. Overall, the optimized scanning path decreases the treatment time from 32 to 57 % and required energy density from 22 to 35 % as compared to standard sonication even if the thermal parameters are biased. The thermal dose distributions for the original scanning path at the end of the sonication for robustness tests are shown in Figures 9 and 10 . In all cases therapeutically relevant thermal dose is achieved in whole target. However, there are no significant differences among the achieved thermal dose distributions in the simulation cases. The major differences can be seen in treatment times and used energy densities (see Table 5 ). The results from the case studies indicate the robustness of the optimization algorithm. The optimized scanning path is not sensitive to modeling errors or uncertainties in the tissue properties. This is a critical issue in ultrasound surgery treatment planning since many of the thermal parameters are not accurately known, especially in the tumor region.
MRI feedback simulations
Sonication results for MRI feedback tests are given in Table 6 . In all cases sonication times are dramatically increased as compared to the original sonication, which is due to limitation that focus is not changed when MRI data is not available. However, in all cases the optimized scanning path results in reduced treatment time and used total energy density. In these cases sonication times were from 16 to 30 % shorter and the used total energy was from 18 to 20 % smaller than in standard sonication.
The maximum temperature histories for MRI feedback simulations are shown in Fig. 11. In all simulations temperatures in the target region are higher than in the original sonication (see Figure 6 ). However, higher peak temperatures in target region are not critical, since it is intended that this region be destroyed. The main point is that temperature in healthy region remains at a reasonable level in all cases, even when only limited temperature data is available.
Discussion
In this paper, a scanning path optimization method for ultrasound surgery was derived and evaluated with simulations in 3D. The optimization method is based on the minimum time formulation of optimal control theory. The scanning path is chosen from the prefocused ultrasound fields without a preselected strategy. The input power is computed from the maximum effort feedback law.
Results from the simulations indicate that the treatment time can be decreased with the presented method. As compared to standard sonication (i.e. sonication which is started from the back of the tumor), the treatment times were decreased from 29% to 43% depending on the size of the target. In addition, the used energy density decreased from 16% to 40%. With larger tumors, the advantage of the method is greater. Especially, when a 3D volume is sonicated, the degrees of freedom for choosing the scanning path are increased. The target is sonicated by parts which leads to minimized near field heating and faster treatment. In simulations, the computational load was decreased by choosing a time window of 10 s instead of solving the state and costate equation to a predetermined final time. The crucial issue for choosing the length of the time window is that the cooling time is adequate for the thermal dose accumulated in that focus which is currently sonicated. In these simulations a 10 s time window was found to be suitable, since ultrasound fields with a single focus were used. The temperature rises only in a small volume near the focus which results in rapid cooling. In this case changes in the state and costate equations appears only in a small time interval in the future.
The robustness of the method was tested with case studies using different absorption and perfusion levels in tumor region. Results indicate that the optimized scanning path is not sensitive to modeling errors. This increases the practicability of the presented scheme for clinical purposes. Furthermore, results from MRI feedback simulations show that the optimized scanning path reduces the treatment time even when limited and noisy temperature data are available. This enhances the utility of the algorithm for clinical purposes.
Although the optimization algorithm was tested with single focus fields there are no limitations to the use of the algorithm to switch between the multiple focus patterns. Also, different feedback laws can be used to compute the applied power.
As our results are compared to a similar simulation study [7] , the same kind of conclusions can be made. First, the use of the multi-element phased array reduces the treatment time. Second, selection of a scanning path that did not sonicate the neighboring locations one after another resulted in a reduced near field heating. However, that study did not test an optimized sonication path as was done in this study.
It is worth of noting that the transducer that was used in simulations was not ideal and there were secondary foci in extreme locations with the largest target (target with the radius of 1.9 cm). However, simulated sonication results appear to be acceptable also with the largest target, but the real treatment array should have more transducer elements.
Numerical simulations were made in simplified tissue geometry. Next step would be including actual breast geometry for simulations and a full wave solver for the ultrasound field computing. In this kind of treatment planning a crucial issue is not only biased thermal parameters but also the distortion of the wave fields since the acoustic parameters are usually not known before hand. In addition, if computation domain consists of different tissue with varying acoustic properties, it is possible that scattering causes undesired temperature maxima to healthy tissue. However, simulations in this paper concerns case when tissue is approximated to be acoustically homogeneous, but thermal parameters were varied between tissues. In this case Rayleigh integral is accurate enough for acoustic computing. In addition, the full wave solution of the ultrasound fields from hundreds of transducer elements would be extremely computationally intensive and it is not feasible with available computational capacity. With complex tissue geometry and full wave solver the optimization task is more challenging, and time and energy savings with proposed optimization algorithm might not be so large. However, these challenges are the same for all optimization methods, thus leading more time and energy consuming treatments.
